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A variational principle for coupled heat and mass transfer is obtained for the 
case of finite perturbation velocity. 

Both in describing heat conduction [1-4] and in studying phenomena of coupled heat and 
mass transfer [5-7], increasing attention has been paid recently to variational formulations 
of the problem and the development of variational methods of their solution. Most such works 
consider problems traditionally formulated using differential equation of parabolic type. 
However, it is known [8] that solutions obtained on the assumption of the infinite pertur- 
bation velocity in a number of cases give an idealized description of the transfer processes 
which contradicts the physical picture of the phenomenon. 

The possibilfty of a variational approach to the investigation of coupled-transfer prob- 
lems in the case when the transfer velocity is taken to be finite will now be demonstrated. 
First of all, the general case of a nonlinear problem is considered. 

Suppose that inside an isotropic body of volume v, bounded by a surface S, there occurs 
a transfer process of n different substances under the action of n generalized forces. Let 

~h 

hh = ,f ch?d@~ (i) 
0 

Here and below, the free index k is assumed to run over the values i, 2,..., n. A dot 
above a symbol denotes the derivative with respect to time. 

Consider the set of vector fields Hk=Hk(x , y, z, t) satisfying the condition 

H~ =j~, (2) 
where Jk is the specific flux of substances of type k. 

The coupling of the flux densities of substances with the transfer potential gradients 
(the pulse velocity is finite) is ~ itten in the form 

n 

Jh ~- tTk 0j___~h = __ E L~i grad@i, (3) 
Ot 

i x  1 

where  L k i = L k i ( @ )  ( i = l ,  2 , . . . ,  n) a r e  t r a n s f e r  c o e f f i c i e n t s .  

Us ing  Eq. ( 2 ) ,  Eq. (3) may be  r e w r i t t e n  i n  t h e  fo rm 

n 

i-l~ + tr~fl ---- - -  E L~ grad @~. (4) 
i = l  

The conservation law for substances of type k in this case is written in the form 

hh = - -  div H~ (5) 

o r  f o r  t h e  v a r i a t i o n s  6hk and ~H k as  

6h~ ---- - -  div (SH~). (6) 
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The variational principle corresponding to the nonlinear problem is obtained by multi- 
plying Eq. (4) by @Hk, integrating over the volume v with the use of the 0strogradskii for- 
mula, and performing summation over k. Using Eq. (6), the result is 

grad + + : 

v k , ~ = l  v h = l  S h , i = I  

where n is the unit vector of the external normal to the surface S. 

The variational Eq. (7) is now formulated using the generalized Lagrangian coordinates 
qj = qj(t) (j = i, 2,..., m). Let 

H~ = H~ (q~, x, Y, z, t), G = G (q J, x, ~, z, t). 
Then 

~ OH~ ~ oG 
6tk = ~ 6q j, 6h~ = ~ 6q j . ( s ) 

/=1 i=1 

Substituting Eq. (8) into Eq. (7), and taking the independence of variations of the 
generalized coordinates ~qj into account, it is found that 

f ~ ( OG~ . aHh\~,q,/ J ~  OHhdv= f ~  n OHk Lk~zdS (J=l '2 '  �9 Oq~ @, Ln, grad Lh, ~ ]  do 2 U ( [--Ik "q- ~ r k  ~-'[k) 
v k , i = l  v ~ = 1  S k , i = l  (9) 

Differentiating the vectors Hk with respect to time and the generalized coordinates, 
the following relations may be shown to hold 

oH~ oH~, OH~ 0H~ 

act~ aq,~ a~h aq~ 
Then Eq. (9) t akes  the form 

where 

ODi p OD~ 
7 " " " Oqj aqy =VJ+QY (]= 1, 2, m), 

1 H[ do; Do. -- 1 trhfl~ do; Dl---- ~ 2 
v k ~ l  v k ~ - t  

; , t (  V~ --- 6i gradLki aH~ La, ahk aqj -~qd dr; 
v ~ , i ~ l  

S ~ aH~ Qj = -- n Lki~ flS. 
aqj 

S k,i~] 

The relation between the potentials ~k and the vectors H k in Eq. (i0) are defined by Eq. 
(5). 

(lO) 

Using generalized coordinates and Eq. (i0), it is possible to introduce, for the approx- 
imate calculation of the transfer potential fields (taking the finite transfer velocity into 
account), the methods of reducing to ordinary differential equations, analogous to those 
used in [6, 7]. 

On the basis of the approach developed here, a variational principle is now constructed 
for the specific case of nonlinear coupled heat and mass transfer (n= 2) in the case when 
zp = const. In this case [9]: ~i and ~2 are heat and mass transfer potentials of the bound 
material; ~= (@~, 82); HI and H2 are vector fields characterizing the heat and mass transfer, 
respectively; trl and tr2 are the relaxation times for heat and mass transfer, respectively; 
and 

c, = cq(~); q = cm(~); L~ = Eq(ff) + ep~=(~) 8(if), L~2 = ePgm(~); 

L~, = ~m(~) ~(~); L~ = ~ ( ~ ) .  
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The variational principle in Eq. (7) now takes the form 

S {[e, (~q + epLm6) q- e#pLm] 6hi -- [ei grad (X~ -[- ep%m6) + 

+ e~grad (epLm)] 6H~ + (#~Lm 6 + e2~,m) 6h2 -- [e~ grad (~m6) + 

+ e~ grad 7v,nl ~ 6H2} dr.+ ~ [(H~ + t~ i-i~) 6H~ + (H2 + t~2 fi~.) 6H~] dv = 

= --  S {[e~ (Lq + gOZ,m6) + ezeO~,ml n6H~ + (e~%~6 + ezXm) n6H~} dS, 

and Eq. 

S 

(i0) is written as 

Oqj Oqj 

- -  [ei grad (s + ep~.,~6) + ~2 grad (epZ,,,)] ~0Hi + (el~,m 6 + e=Xm ) Oh2 
Oqi 

"I ~ - -  [el grad 0.,~6) + @, grad Lm] ~qjj dv -- (~qj [e~ (L v + ep~,m 6) + 
S 

OH, (exZm6+ e2Zm)} dS (l = 1, 2, . . . ,  m), 

where 

(11) 

(12) 

D I =  2 
V 

1 S (t~ fi~ + tr~ fi~) do. D ; =  2" 
S 

Setting Xm z 0 in Eqs. (ii) and (12) leads to the heat-conduction problem (H2 ~ 0) cor- 
responding to finite heat-pulse velocity, when this process is described by the nonlinear 
differential equation [8] 

(0e  d2e ~ = div(L(e) grade). (13) vO) cO) -~- + tr 0-F/ 

In th i s  case,  Eqs. (11) and (12) give r i s e  to a v a r i a t i o n a l  p r i n c i p l e  corresponding 
to Eq. (13) (the subscr ip ts  have been dropped) 

5~6hdv.-~--.f -~--- (H nt- 'r") 6Hdv =- ~ en6HdS (14) 

o v S 

and a system of equations in terms of the Lagrangian coordinates 

Oqj---':--+ ~qO---= Qj (i = 1, 2, . . . ,  m), (15) 
Oqj 

where 

V = 
h 

edhdv; D'~-= ~ ~, 
v 0 

5 V tr ! .  flZdo; Q1 = e n  OH dS. 
2 L , Oqj 

v S 

When yc=const and l=const, Eq. (14) yields 

?c eSedv + --~ 
o v S 

en6HdS. 
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This expression completely agrees with the variational principle obtained by Samoilovich 
[i0] for the case when heat conduction is described by a linear equation of hyperbolic type, 
and after certain transformations Eq. (13) leads to the generalized Lagrange equations 
obtained in [I0]. 

When tr + 0, Eqs. (14) and (15) lead to the variational principle of [2] for nonlinear 
heat conduction 

1 H6Hdv :-- ~ ~n6HdS 
0 

v v S 

and t h e  c o r r e s p o n d i n g  s y s t e m  o f  L a g r a n g e  e q u a t i o n s ,  

The a p p r o a c h  h e r e  p r o p o s e d  may a l s o  be  u sed  i n  i n v e s t i g a t i n g  o t h e r  p r o b l e m s  l e a d i n g  
to  e q u a t i o n s  o f  h y p e r b o l i c  t y p e .  

NOTATION 

x, y, z, spatial coordinates; t, time; ~k =~k(x, Y, z, t), excess (with respect to 
equilibrium) transfer potentials; O= (~, 02,..., On); trk, relaxation time for a substance 
of type k; ck(~), specific heat for a substance of type k; y(O), density of body; Cq and Cm, 
specific heat and specific mass; lq and Am, thermal conductivity and mass conductivity; 
6, Soret coefficient; e and p, phase-conversion criterion and specific heat. 
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